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BPS solitons with internal structure in the gauge O(3) sigma model
Rodolfo Casana,∗ A. Cavalvante,† and M. L. Dias‡
Departamento de F´ısica, Universidade Federal do Maranha˜o, 65080-805, Sa˜o Lu´ıs, Maranha˜o, Brazil.
We investigate the existence of self-dual solitons with internal structure in a gauged O(3) nonlinear
sigma model immersed in a dielectric medium generated by a real scalar field (dubbed the source
field). We consider rotationally symmetric configurations and applying the Bogomol’nyi-Prasad-
Sommerfield formalism to obtain the energy lower bound and the respective first-order differential
equations (or self-dual equations). By solving such a system of equations for three different dielectric
media, we find the internal structure generates relevant changes in the soliton profiles when compared
with the ones obtained without the presence of the dielectric medium.
PACS numbers: 11.10.Kk, 11.10.Lm, 11.27.+d
I. INTRODUCTION
Historically, the study about vortices was initiated by
Abrikosov through the Ginzburg-Landau theory of su-
perconductivity [1]. It allowed him to classify the super-
conductivity in type-I and type-II [2]. In particular, he
pointed out type-II superconductors could present vortex
states possessing magnetic flux quantized, fact confirmed
experimentally by Essmann and Tra¨uble [3]. On the
other hand, vortex solutions were found in the Maxwell-
Higgs model by Nielsen and Olesen, relating them to the
Nambu string in the strong-coupling realm [4] and in-
dicating the Abrikosov vortex emerges naturally in the
nonrelativistic limit. An interesting fact about soliton
solutions is that in some special situations can be ob-
tained via a system of first-order differential equations at-
tained employing a technique known as the Bogomol’nyi-
Prasad-Sommerfield (BPS) formalism, also determining
the minimum value of the system energy (the Bogo-
mol’nyi bound) [5, 6].
In the context of the Abrikosov vortices, the BPS limit
is the interface between the two superconductor phases,
such as it was studied by Bogomol’nyi in [6] and by de
Vega and Schaposnik [7] using an alternative technique.
Furthermore, the existence of vortex solutions supporting
both electric and magnetic fields also have proposed in
scenarios involving the Chern-Simons action [8–12].
Vortex-like structures also emerge the (1+2)-
dimensional gauged sigma O(3) model. The nonlinear
sigma model has aroused the interest of lots of re-
searchers due to its wide range of applications in
condensed matter physics [13–15]. Moreover, there
is a close connection between the O(3) and CP (1)
models, such as shown in Refs. [16–18]. Despite the
model possesses a self-dual structure, the resulting
topological solitons are scale-invariant, consequently do
not represent particles in the context of Quantum Field
Theory [19].
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A first intent, proposed by Schroers, breaks the scale
invariance coupling minimally the sigma field to the
Maxwell gauge field and introducing a potential that pre-
serves the self-dual structure [20]. This way, his approach
generated a new class of topological solitons with non-
quantized magnetic flux. Subsequently, Ghosh [21] stud-
ied this new type of soliton by coupling the sigma field
to the U(1) Chern-Simons gauge field and, as expected,
the solitons engendered - topological or nontopological -
are electrically charged. For both models, the homotopy
group π2(S
2) characterizes the soliton solutions. A sec-
ond approach by Mukherjee explores the breaking of the
scale-invariance by adopting a self-interaction potential
leading to the spontaneous breaking of the Abelian local
gauge symmetry. Consequently, the topological solitons
possessing quantized magnetic flux are classified through
the fundamental homotopy group π1(S
1) [22, 23]. These
solitons also were investigated in scenarios where the
sigma field is coupled nonminimally to a gauge field [24]
and in Lorentz-violating sigma-models [25].
Moreover, other new vortex solutions are found pro-
moting the extension of the U(1) symmetry, for exam-
ple, in the Maxwell-Higgs model [26, 27]. There are
other interesting examples in the literature as the ex-
tended groups U(1)×Z2 [28] and CP (2)×Z2 [29], being
obtained through the introduction of a real scalar field,
allowing the description of self-dual vortices in a dielec-
tric medium. Such new objects can be of great utility in
the study of metamaterials [30–32].
Motivated by these discussion, we are searching for
the occurrence of such first-order structures, but now in
the context of the gauged nonlinear sigma O(3) model,
where its subgroup SO(2) is enlarged as SO(2) × Z2.
The corresponding extra scalar field is coupled to the
gauge one by mean of a generalized dielectric function
multiplying the Maxwell term. We present our results as
follows: In Sec. II, we introduce the model, and next,
by considering rotationally symmetric configurations, we
implement the BPS formalism that provides the energy
lower bound and the corresponding first-order equations.
In Sec. III, we discuss three distinct scenarios by selecting
the dielectric medium. After solving the BPS system
of equations, we highlight the main new characteristics
2presented by the self-dual solitons. Lastly, in Sec. IV, we
make our final comments and conclusions.
II. THE MODEL
Our starting point is a (2 + 1)-dimensional extended
gauged O(3) sigma model defined by the following La-
grangian density:
L = −
Σ (χ)
4
FµνF
µν +
1
2
Dµ~φ ·D
µ~φ
+
1
2
∂µχ∂
µχ− V (φn, χ), (1)
where the sigma field ~φ = (φ1, φ2, φ3) is a triplet of real
scalar fields whose norm is fixed to be ~φ · ~φ = 1. The
tensor Fµν = ∂µAν − ∂νAµ is the electromagnetic field
strength tensor of the U(1) gauge field Aµ. The sigma
and gauge fields are minimally coupling via the covariant
derivative defined as
Dµ~φ = ∂µ~φ−Aµnˆ× ~φ, (2)
with nˆ being an unit vector in the internal space. The
self-interacting potential V (φn, χ) is always a nonnega-
tive function and stands for some appropriate interac-
tion between the sigma field and the neutral scalar field
χ. Further, we have supposed this latter field coupled to
gauge sector through a dielectric function Σ(χ), which
is also a nonnegative real function. It is worthwhile to
point out in absence of the scalar field χ we recover the
standard gauged O(3) sigma model studied in Ref. [23].
To investigate stationary solitons solutions we shall
take nˆ = (0, 0, 1) and assume henceforth the well-known
hedgehog ansatz for ~φ,
~φ(r, θ) =


sin f(r) cos(Nθ)
sin f(r) sin(Nθ)
cos f(r)

 , (3)
Furthermore, for the gauge field components and the neu-
tral scalar field we set
A0 = A0(r) , Ai = ǫij xˆ
j a(r) −N
r
, χ = χ(r), (4)
respectively. The quantity N is a nonnull integer denot-
ing the winding number (or topological degree). The real
functions f(r), A0(r), a(r), and χ(r) are well-behaved
satisfying appropriated boundary conditions.
We proceed to the Euler-Lagrange equations associ-
ated to the Lagrangian density (1). The Gauss law is
given by
1
r
(rΣA′0)
′
= A0 sin
2 f , (5)
where the prime stands for the derivative with respect to
the radial coordinate r. It is worthwhile to note that the
gauge condition A0 = 0 satisfies identically the Gauss
law, hence the configurations are electrically neutral (or
purely magnetic). Thus, henceforward we set A0 = 0 for
our analysis.
The respective Ampe`re law reads
(ΣB)
′
+
a
r
sin2 f = 0, (6)
where the magnetic field, under the gauge field
parametrization, becomes
B = −
a′
r
. (7)
Under the gauge condition A0 = 0, the field equations
for the sigma and scalar field profiles, f(r) and χ(r), are
1
r
(rf ′)
′
=
a2
2r2
sin(2f) + Vf , (8)
and
1
r
(rχ′)
′
−
1
2
B2Σχ = Vχ, (9)
respectively. Above, we have defined Vf = ∂fV , Σχ =
dΣ/dχ and Vχ = ∂χV .
At the origin, the remaining functions must satisfy the
following boundary conditions
f (0) = 0, a (0) = N , χ (0) = χ0, (10)
whereas for the asymptotic limit we require,
lim
r→∞
f(r) =
π
2
, lim
r→∞
a(r) = 0, lim
r→∞
χ(r) = χ∞, (11)
where χ0 and χ∞ are finite constants. Of course, the set
of boundary conditions established above are consistent
with the vacuum configurations of the fields and ensure
the finiteness of the energy.
The corresponding energy density is
ε =
1
2
ΣB2 +
1
2
(f ′)
2
+
a2
2r2
sin2 f +
1
2
(χ′)
2
+ V. (12)
In order to implement the BPS procedure [6], we intro-
duce two auxiliary functions U ≡ U(f) and W ≡ W(χ),
such that Eq. (12) can be rewrite as
ε =
1
2Σ
(ΣB ∓ U)2 +
1
2
(
f ′ ∓
a
r
sin f
)2
+
1
2
(
χ′ ∓
Wχ
r
)2
+ V −
U2
2Σ
−
W2χ
2r2
∓
a′
r
U ∓
a
r
(cos f)′ ±
1
r
W ′, (13)
being Wχ = ∂χW . The two first terms in the third row
of Eq. (13) can be rewritten as a total derivative by
assuming the constraint U ′ = (cos f)′, allowing to obtain
the explicit form for U(f):
U(f) = cos f , (14)
3where, without loss of generality, we have taken the in-
tegration constant to be zero.
Also, we choose the self-dual potential as
V (f, χ) =
U2
2Σ
+
W2χ
2r2
=
1
2Σ
cos2f +
W2χ
2r2
. (15)
The function W(χ) acts as a “superpotential” for the
scalar field χ, allowing us to find solutions satisfying first-
order differential equations. It is important to mention
that the presence of the neutral scalar field χ in Eq. (1)
demands the insertion of a term depending explicitly on
the radial coordinate r into the potential V (f, χ) whose
finality is the full implementation of the BPS formal-
ism. The effects of that dependence first were studied in
[33]. Later, in Ref. [34] was considered to circumvent the
Derrick-Hobart theorem [35, 36]. Furthermore, it already
has been used in different contexts, e.g., Maxwell-Higgs
[28, 37], magnetic monopoles [38], and gauged CP (2)
[29].
By using the two last considerations above the energy
density becomes
ε = ε
BPS
+
1
2Σ
(ΣB ∓ cos f)
2
+
1
2
(
f ′ ∓
a
r
sin f
)2
+
1
2
(
χ′ ∓
Wχ
r
)2
, (16)
where we have defined the BPS energy density as
ε
BPS
= ∓
1
r
(a cos f −W)
′
. (17)
This way, from (16), we write the total energy as follows
E = 2π
∫ ∞
0
dr r ε(r) = E
BPS
+ E¯, (18)
with the BPS total energy (Bogomol’nyi bound) given by
E
BPS
= ∓2π
∫ ∞
0
dr rε
BPS
(r),
= ±2π (N +∆W) ≥ 0, (19)
where we have used the boundary conditions (10) and
(11), and also defined ∆W = W (χ∞) − W(χ0). The
upper (lower) sign describes the self-dual solitons (anti-
solitons) corresponding to N and ∆W positive (negative)
quantities. Although we have not chosen until then the
explicit form for the superpotential W (χ) and dielectric
function Σ(χ), we emphasize that the BPS total energy
depends only on the boundary conditions of W(χ), be-
sides, of course, the winding number N .
Coming back to Eq. (18), the second term reads
E¯ = 2π
∫ ∞
0
dr r
{
1
2Σ
(ΣB ∓ cos f)
2
+
1
2
(
f ′ ∓
a
r
sin f
)2
+
1
2
(
χ′ ∓
Wχ
r
)2}
, (20)
such that the total energy (18) has a bound E ≥ E
BPS
which is saturated when E¯ = 0, i.e., the solutions obeys
the first-order differential equations
f ′ = ±
a
r
sin f , (21)
B = ±
cos f
Σ
, (22)
χ′ = ±
Wχ
r
. (23)
This set is called self-dual or BPS equations, where the
(lower) upper sign stands for (anti) solitons with (N < 0)
N > 0. Therefore, the BPS system ensures the energy
lower bound and the stability to the corresponding field
configurations. A comment not least is that indeed the
Eqs. (21)-(23) satisfy the set of Euler-Lagrange equations
associated with Lagrangian density (1) as well.
Furthermore, by using the BPS equations, the BPS
energy density (17) can be rewritten in the form
ε
BPS
= ε
Σ
+ εχ, (24)
where we have defined
ε
Σ
= ΣB2 +
a2
r2
sin2 f and εχ =
W2χ
r2
, (25)
respectively. The ε
Σ
standing for the energy density as-
sociated with the new solitons while εχ is the contribu-
tion belonging to the kink χ that according to the BPS
equation (23) becomes independent of the other fields.
This situation allows us to choose some convenient χ-field
configurations sourcing the dielectric medium driving the
new soliton configurations.
At this stage, we observe both the dielectric function
and the self-dual equation (23) do not include either the
sigma field and the gauge field. Such a situation enables
us to study interesting physical scenarios by adequately
selecting the dielectric function and the superpotential.
In the next section, we shall address some interesting
scenarios by solving the Eq. (23) for a given superpoten-
tialW(χ) and choosing some different dielectric functions
Σ(χ).
III. SOME SCENARIOS WITH INTERNAL
STRUCTURES
We shall consider some internal structure scenarios by
choosing a specific form of the χ field that introduces
additional nonlinearities to the original sigma model, al-
lowing us to analyze how the shape of the original solitons
is modified. For this purpose, we consider the following
superpotential:
W (χ) = αχ−
α
3
χ3, (26)
4where α is a positive parameter. The particular case
α = 1 has been previously approached in different con-
texts as global defect structures [34], skyrmion-like con-
figurations [39, 40], massless Dirac fermions [41], mag-
netic monopoles [38] and vortices with internal structures
[28, 29]. On the other hand, arbitrary values of α were
used to discuss the solutions into a multilayered structure
[37].
Then, by assuming the superpotential (26), the BPS
equation (23) results
χ′ = ±
α
r
(
1− χ2
)
, (27)
which implies in the exact kink-like solution
χ(r) = ±
r2α − r2α0
r2α + r2α0
, (28)
where r0 is an arbitrary positive constant. Besides the
solution satisfies χ (r0) = 0, it fixes the boundary con-
ditions for the neutral field: χ(0) = χ0 = ∓1 and
χ(∞) = χ∞ = ±1.
Under such considerations, the BPS bound for the en-
ergy (19) becomes
E
BPS
= 2π |N |+
8
3
απ, (29)
where the second term is the contribution from the neu-
tral scalar field. Similarly, the magnetic flux reads
Φ =
∫
d2xB = 2π |N | . (30)
For our study, in the remaining of the manuscript, we
only consider the soliton solutions, i.e., N > 0.
A. First scenario
We begin by setting the dielectric function to be used
in our first scenario,
Σ (χ) =
1
1− χ2
. (31)
We note that the dielectric function diverges at the
boundary values but, despite that, the BPS energy den-
sity BPS (24) remains finite because of the magnetic field
B(r) controls these singularities (as we see later).
Within this scenario, we consider only the kink solution
(28) for α = 1 because for α ≥ 2 do not exist solutions
acceptable physically. Thus, the dielectric function (31)
becomes
Σ (χ) =
(r2 + r20)
2
4r2r20
. (32)
To obtain the corresponding BPS solutions to the
sigma and gauge fields, we must solve the equations
FIG. 1. The profiles f(r) (left) and a(r) (right) for N = 1,
r0 = 1 (solid line) and r0 = 5 (dashed line).
(21) and (22) by considering the dielectric function (32).
Thus, the new system reads
f ′ =
a
r
sin f , (33)
−
a′
r
=
4r2r20
(r2 + r20)
2 cos f , (34)
where also has been used (7). The system above must be
solved obeying the boundary conditions of the fields a(r)
and f(r), namely the Eqs. (10) and (11).
We now show the field behaviors in the proximity of
the boundary values. Near the origin, the sigma field
behaves as
f(r) ≈ fNr
N −
fNr
N+4
4r20
+
2fNr
N+6
9r40
−
(fN )
3r3N
12
+
(
N2 + 4N + 12
)
(fN )
3r3N+4
16 (N + 2)
2
r20
+
(fN )
5r5N
80
−
(fN )
7r7N
448
, (35)
where fN is a positive parameter, which can be deter-
mined numerically. For the gauge field profile, we have
a(r) ≈ N −
r4
r20
+
4r6
3r40
−
3r8
2r60
+
(fN )
2r2N+4
(N + 2) r20
−
2(fN)
2r2N+6
(N + 3) r40
−
(fN )
4r4N+4
8 (N + 1) r20
. (36)
Both expressions above guarantee at least the three first
lowest-order terms for all values of N .
The behavior of the fields in the asymptotic limit is
given by
f(r) ≈
π
2
− C∞r
−2r0 , (37)
a(r) ≈ 2r0C∞r
−2r0 , (38)
where C∞ is a positive constant whose value depends
on the winding number. We point out the asymptotic
behavior in the original gauged sigma model [22] follows
an exponential-law decay, which is very similar to the one
shown by the Abrikosov-Nielsen-Olesen vortices [2, 4].
However, in this case, the dielectric medium changes the
5FIG. 2. The magnetic field profiles are depicted for some
values of N and r0. There are exhibited the ones obtained
both in the presence (color lines) and in the absence of the
dielectric function (black lines). On the left, we depict for
r0 = 2, N = 1 (solid line), N = 2 (dashed line), N = 8 (dot-
dashed line) and N = 15 (long-dashed line). On the right,
for N = 1, r0 = 1 (dot-dashed line), r0 = 2 (solid line) and
r0 = 3 (dotted line).
asymptotic behavior of the field profiles that now follow
a power-law decay.
In what follow, we present the numerical solution of
the system formed by Eqs. (33) and (34) for some values
of N and r0. The resulting field profiles for the gauge and
sigma fields, magnetic field, and energy density ε
Σ
(r) are
shown in Figs. 1–4.
Without loss of generality, we consider the field profiles
f(r) and a(r) for the winding number N = 1 and distinct
values of r0, see Fig. 1. We remark that both profiles
are well-behaved according to the respective boundary
values, but a new effect is observed in the gauge field
profiles when compared to the ones found without the
dielectric medium. Such an effect is a plateau extending
from the origin whose length increases as r0 grows, and it
directly impacts the shape of the magnetic field profile.
Figure 2 shows the magnetic field profiles for differ-
ent values of N and r0. Differently to the case without
the dielectric medium (i.e., from standard sigma model
[20]), the magnetic field is null at r = 0 and the profiles
acquire the format of rings centered at the origin. By
considering a fixed r0, there is a winding number N
(B)
0
(e.g., N
(B)
0 = 8 in Fig. 2) allowing us to distinguish the
behavior of the profiles. For N ≤ N
(B)
0 , the maximum
amplitude (located at r = r∗ ≤ r0) increases as N grows
meanwhile runs far away from the origin until that at
FIG. 3. The magnetic field depicted in the plane for N = 1,
r0 = 1 (i) and r0 = 2 (ii).
FIG. 4. The profiles for the energy density ε
Σ
(r). There are
exhibited the ones obtained both in the presence (color lines)
and in the absence of the dielectric function (black lines). On
the left, the conventions are as in Fig. 2. On the right, we
depict ε
Σ
(0) v.s. r0. The insertion shows ln εΣ(0) v.s. ln r0.
N = N
(B)
0 attains the maximum value equal to unity
(the one in the standard sigma model) and becomes lo-
cated at r∗ = r0. Already for N > N
(B)
0 , the maximum
amplitude remains located at r∗ = r0 and with the same
maximum value (see the left-hand side in Fig. 2). On
the other hand, for a fixed N , the maximum of the ring
decreases as r0 increases (see the right-hand side in Fig.
2). Alternatively, a planar depiction provides a better
view of the ringlike structure of the magnetic field, such
as shown in Fig. 3.
The null value at the origin of the magnetic field is
corroborated by the behavior in r = 0 given by
B(r) ≈
4r2
r20
−
8r4
r40
+
12r6
r60
−
2(fN)
2r2N+2
r20
+
4(fN)
2r2N+4
r40
+
(fN)
4
r4N+2
2r20
, (39)
valid at least for the three first lowest-order terms.
In this scenario, the magnetic field behaves very sim-
ilarly to the one presented in the Chern-Simons-Higgs
model [9] despite the magnetic field vanishes asymptoti-
cally following a power-law,
B(r) ≈
4C∞r
2
0
r2+2r0
. (40)
Concerning the energy density ε
Σ
(r), its behavior near
the origin (valid at least for the three first lowest-order
terms) is given by
ε
Σ
(r) ≈ N2(fN )
2r2N−2 +
4r2
r20
−
8r4
r40
−
N2(fN )
4r4N−2
2
+
3N2 (fN )
6
r6N−2
16
−
(
N2 + 4N + 8
)
(fN )
2r2N+2
2r20
, (41)
in according with the profiles shown in Fig. 4. In the
left-hand side, for a fixed r0 and N = 1, the εΣ profiles
are nonnull at origin having a lump-like format with the
center slightly away from r = 0. However, with a fixed
6r0 and N ≥ 2, they are nulls in r = 0 acquiring a ring-
like format. Further, on the right of Fig. 4, we observe
that for N = 1 the values of ε
Σ
(0) = f21 decrease as r0
grows, and for sufficiently large values of r0 decays as r
−1
0
(see inset). Already for the asymptotic limit, the energy
density ε
Σ
follows the behavior
ε
Σ
(r) ≈
8(C∞)
2r20
r2+4r0
, (42)
valid for any value N .
B. Second scenario
In this section, we analyze the BPS configurations aris-
ing in a second dielectric medium mapped by the function
Σ(χ) =
1
χ2
=
(
r2α + r2α0
)2
(r2α − r2α0 )
2 , (43)
where the kink χ(r) is given by Eq. (28). Distinctly to
the previous case, the dielectric function is finite at r = 0
and r →∞, but possesses a divergence at r = r0. The ex-
istence of self-dual configurations with finite energy den-
sity (24) is not affected by such a singularity. Indeed,
this is quickly verified by analyzing the BPS equation
(22) after substituting the Eq. (43), which leads us to
B(r) =
(
r2α − r2α0
)2
(r2α + r2α0 )
2 cos f , (44)
showing the magnetic field is null in r = r0, B(r0) = 0,
consequently, the term ΣB2 in (24) becomes not singular
and the total BPS energy (29) remains finite. Further,
we here point out the vanishing of the magnetic field in
this particular point will reveal the strong influence of
the dielectric medium in the structure of the new soliton
solutions.
The set of BPS equations describing the new solitons
in this second scenario is given by
f ′ =
a
r
sin f , (45)
−
a′
r
=
(
r2α − r2α0
)2
(r2α + r2α0 )
2 cos f . (46)
For a clearer understanding of the behavior of the fields
near the boundary values (10) and (11) we need to solve
the equations (45) and (46). This way, we first obtain the
behaviors of the sigma and gauge fields near the origin,
f(r) ≈ fNr
N −
fNr
N+2
4
+
fNr
N+4
32
−
(fN )
3r3N
12
+
(N2 + 2N + 3)(fN)
3r3N+2
16(N + 1)2
+
(fN )
5r5N
80
+
fNr
N+2α+2
(α+ 1)2r2α0
, (47)
FIG. 5. The profiles f(r) (left) and a(r) (right) for N = 1
and α = 1: r0 = 1 (solid line) and r0 = 2 (dashed line).
and
a(r) ≈ N −
r2
2
+
(fN )
2r2N+2
4(N + 1)
−
(fN )
2r2N+4
8(N + 2)
+
2r2α+2
(α+ 1) r2α0
−
4r4α+2
(2α+ 1) r4α0
+ . . .
−
(fN)
2r2N+2α+2
(N + α+ 1) r2α0
−
(fN )
4r4N+2
16 (2N + 1)
, (48)
respectively, where the quantity fN stands for a positive
constant. These expressions guarantee at least the three
first lowest-order terms of the behavior of the field pro-
files.
Meanwhile, for r → ∞ and all values of N and α, the
behavior of the field profiles obeys
f(r) ≈
π
2
− C∞r
−1/2e−r, (49)
a(r) ≈ C∞r
1/2e−r, (50)
being C∞ a positive constant. Interestingly, in this case,
the asymptotic behavior of the field profiles is very similar
to the one shown by the Abrikosov-Nielsen-Olesen vor-
tices [2, 4], i.e., the dielectric medium does not change
the asymptotic behavior which remains the same of the
original gauged sigma model [22].
In what follows, we show the numerical solutions of
the system formed by Eqs. (45) and (46). For N = 1,
α = 1, and different values of r0 the gauge and sigma
field profiles are depicted in Fig. 5 (the value α = 1
FIG. 6. The magnetic field profiles for the sigma model for
both in the presence (color line) and absence (black line) of
the dielectric function (43) with fixed value N = 1. For the
case with a dielectric medium, we depict r0 = 0.5 (left) and
r0 = 1 (right) with α = 1 (solid line) and α = 2 (dashed line).
7FIG. 7. The magnetic field depicted in the plane for r0 = 0.5,
α = 1 (i) and α = 2 (ii), and r0 = 1, α = 1 (iii) and α = 2
(iv).
is enough to investigate the main features of the field
profiles in the current scenario). The novelty arises in
the gauge field profiles that exhibit a quirky behavior:
the emergence of a plateau effect around r0 implying in
important modifications in the magnetic field behavior,
as we will notice afterward.
Figure 6 depicts the magnetic field profiles for distinct
values of the parameters r0 and α and the corresponding
ones of the standard sigma model. Unlike the previous
scenario, we now see that the dielectric medium causes
a second maximum located at r∗ > r0, whose amplitude
is lower than the first one located at the origin. The
absolute maximum at r = 0 is verified explicitly by the
magnetic field behavior, which reads as,
B(r) ≈ 1−
(fN)
2r2N
2
+
(fN )
2r2N+2
4
−
4r2α
r2α0
+
8r4α
r4α0
+
2(fN )
2r2N+2α
r2α0
+
(fN )
4r4N
8
, (51)
ensuring at least the two first lowest-order terms. The
magnetic field profiles appear similar to the Nielsen-
Olesen configurations for 0 ≤ r ≤ r0 while in the region
r > r0 resembles the ones in the Chern-Simons-Higgs
model. In the last region, the corresponding behavior for
r →∞ reads
B(r) ≈ C∞r
−1/2e−r, (52)
being similar to the one presented in the absence of the
dielectric medium. Alternatively, Fig. 7 provides an
overview of the effects induced in the magnetic field pro-
files by the dielectric function (43) via the parameters r0
and α. We note that r0 controls the internal size of the
FIG. 8. The profiles for the energy density ε
Σ
(r) in both
cases in the presence (color line), by fixing α = 1, and absence
(black line) of the dielectric function (43). On the left, it is
depicted N = 1, r0 = 1 (solid line) and r0 = 3 (dashed line);
(inset) we have ε
Σ
(0) vs. r0 for the dielectric function (43)
with N = 1. On the right, profiles for r0 = 1 with N = 2
(solid line), N = 5 (dashed line), N = 20 (long-dashed line),
and N = 30 (dot-dashed line).
structures, while α controls the core size and the maxi-
mum of the external ring surrounding it, such that they
increase as α grows.
Figure 8 depicts the profiles of the energy density ε
Σ
that allows us to analyze, in the present scenario, its main
features. Our numerical results are better understood or
complemented by the behavior at the boundary values.
Thus, near the origin, it is given by
ε
Σ
(r) ≈ 1 +N2(fN )
2r2N−2 −
(N2 + 2N + 2)(fN )
2r2N
2
−
4r2α
r2α0
−
N2(fN )
4r4N−2
2
+
16α2r4α−2
r4α0
, (53)
guaranteeing at least the two first lowest-order terms.
Further, for r →∞, ε
Σ
behaves as
ε
Σ
(r) ≈ 2(C∞)
2r−1e−2r. (54)
On the left-hand side of Fig. 8, forN = 1 the profiles of
εΣ are lumps centered at origin whose amplitude εΣ(0) =
1 + (f1)
2 increases as r0 grows such that for sufficiently
large values of r0 (see inset) it saturates attaining the
value corresponding to the standard sigma model (the
solid black line). Conversely, for N ≥ 2 we will always
have εΣ(0) = 1 such as it is shown on the right of Fig.
8. There, for a fixed r0 and increasing values of N , the
profiles of the energy density εΣ acquire a local minimum
located at r∗ < r0 that for a sufficiently large winding
number N∗ (e.g., N∗ = 5 in Fig. 8) its value becomes
null and remains located at r∗ = r0 for all N ≥ N
∗.
C. Third scenario
Motivated by Ref. [37] we now consider the dielectric
function as follows
Σ(χ) =
1 + λ2
λ2 + cos2 (mπχ)
, (55)
8FIG. 9. The sigma field profiles f(r) for N = 1 and λ = 0.
(left) Profiles for α = 1, m = 1 with r0 = 1 (solid line) and
r0 = 5 (dashed line). (right) Profiles for r0 = 1, m = 2 with
α = 1 (solid line) and α = 2 (dashed line).
where m ∈ N and λ ∈ R. We remark that for very large
values of λ the dielectric function Σ(χ)→ 1 which means
we recover the standard sigma model.
As in the previous scenarios, we have a set of BPS
equations,
f ′ =
a
r
sin f , (56)
−
a′
r
=
λ2 + cos2
(
mπ
r2α − r2α0
r2α + r2α0
)
1 + λ2
cos f, (57)
whose solutions, under the boundary conditions (10) and
(11), provide the self-dual solitons in the current scenario.
We now compute the approximated solutions for the
field profiles, which characterize their behaviors near the
boundaries. At the origin, the sigma field and gauge field
profiles behave as
f(r) ≈ fNr
N −
fNr
N+2
4
−
(fN )
3r3N
12
+ . . .+
m2π2fNr
N+4α+2
(2α+ 1)2(λ2 + 1)r4α0
, (58)
a(r) ≈ N −
r2
2
+
(fN )
2r2N+2
4(N + 1)
+...+
2m2π2r4α+2
(2α+ 1)(λ2 + 1)r4α0
, (59)
respectively, where fN is a positive real number. The ex-
pressions above guarantee at least the two lowest-order
terms and the lowest contribution coming from the di-
electric function. On the other hand, the behaviors for
r → ∞ coinciding with the ones obtained in Eqs. (49)
and (50), respectively.
For the magnetic field and the energy density ε
Σ
(r),
FIG. 10. The gauge field profiles a(r) with fixed values N = 1
and λ = 0. (left) Profiles for α = 1, m = 1 with r0 = 1 (solid
line) and r0 = 2 (dashed line). (right) Profiles for r0 = 1,
m = 2 with α = 1 (solid line) and α = 3 (dashed line).
the behaviors in r = 0 obey the expressions given by
B(r) ≈ 1−
(fN )
2
2
r2N + ...+
4m2π2r4α
(λ2 + 1)r4α0
, (60)
ε
Σ
(r) ≈ 1 +N2(fN )
2r2N−2 −
(N2 + 2N + 2)(fN )
2r2N
2
−
N2(fN )
4r4N−2
2
+ ...−
4m2π2r4α
(λ2 + 1)r4α0
, (61)
respectively. Already, for r → ∞, the behaviors are the
very same as the ones given in Eqs. (52) and (54), re-
spectively, found in the previous scenario.
Next, we investigate numerically how the dielectric
function (55) modifies the soliton profiles of the stan-
dard sigma model. The analysis considers two situations
depending on the λ parameter: the first one associated
with λ = 0 and the second case related to λ 6= 0.
FIG. 11. The magnetic field profiles for both in the presence
(color line) and absence (black line) of the dielectric function
(55). We have λ = 0, N = 1, r0 = 1, α = 1 (top) and α = 2
(bottom) with m = 1 (left) and m = 2 (right).
9FIG. 12. The magnetic field depicted in the plane with values
fixed for N = 1 and λ = 0. We display m = 1, r0 = 1, α = 1
(i) and α = 2 (ii), and r0 = 2, α = 2 (iii). Following, we have
m = 2, r0 = 1, α = 1 (iv) and α = 2 (v), and r0 = 2, α = 2
(vi).
1. Simplest case: λ = 0
In the current scenario, the Figs. 9 and 10 depict the
numerical profiles for the sigma and gauge fields. We
highlight the role played by the parameters m and α
whose effects are more notorious in the gauge field pro-
files. The first one causes the arising of 2m-plateaus and
the second one profiles more localized around the origin
when α grows, respectively, both producing relevant ef-
fects in the magnetic field structure. In this sense, Figs.
11 and 12 show the magnetic field profiles for distinct val-
ues of the parameters r0, α, and m, comparing with the
corresponding profile of the standard sigma model (black
lines). Similarly to the previous scenarios, we notice the
parameter r0 controls both the intensity and width of
the structures, while the radius of their respective cores
increases as α grows. Nevertheless, the additional pa-
rameter m associated with the 2m-plateaus of the gauge
field determines an equal number of external rings to the
FIG. 13. The profiles for energy density ε
Σ
(r) in both cases
in the presence (color line) and absence (black line) of the
dielectric function (55), by setting λ = 0, α = 1, r0 = 1. On
the left, profiles for m = 1, N = 1 (solid line) and N = 2
(dashed line). On the right, for m = 2, N = 5 (solid line),
N = 20 (long-dashed line) and N = 40 (dot-dashed line).
FIG. 14. The solitons solution f(r) (left) and a (r) (right),
comparing with the standard sigma model (solid black line),
all with N = 1. Under the dielectric function (55), we set
α = 1, r0 = 1, m = 1 for λ = 0.2 (color solid line), λ = 0.8
(dashed line) and λ = 1.5 (long-dashed line).
core.
The effects of r0 and α on the energy density εΣ are
similar, albeit less intense, to the ones exhibited by the
magnetic field in Fig. 11. This way, in Fig. 13, we only
draw the profiles for different values of N and m, and
some corresponding to the ones in the standard sigma
model (black lines). At origin, the density ε
Σ
is always
nonnull and has the following behavior according the N
values: it is ε
Σ
(0) = 1+(f1)
2 for N = 1 and ε
Σ
(0) = 1 for
N ≥ 2. On the right-hand side of the figure, such as in
the magnetic field case, we see several ring-like structures
that are associated with the m value and become more
noticeable when N ≥ 2. We also observe that for large
values of N , the border of the profile follows the format
of the one belonging to the standard sigma model (on the
right, e.g., see the profile for N = 40).
FIG. 15. The magnetic field depicted in the plane for both
in the presence (color plot) and absence (black plot) of the
dielectric function (55). The conventions are as in Fig. 14,
being λ = 0.2 (i), λ = 0.8 (ii) λ = 1.5 (iii) and standard sigma
model (iv).
10
2. Nonvanishing case: λ 6= 0
We now present a brief analysis of the case λ 6= 0. As
already mentioned, for sufficiently large values of λ, we
recuperate the standard gauged sigma model, i.e., the di-
electric function approaches to the unit value. Fig. 14
shows such behavior for the profiles of the sigma and
gauge fields, which become more localized around the
origin as λ increases. In Fig. 15, the planar depict of the
magnetic field also shows such a diminishing effect. Con-
sequently, in the present scenario, the internal structure
diminishes as λ increases until that, in the limit of suffi-
ciently large values, the configurations match the ones of
the standard gauged sigma model.
IV. CONCLUSION
We have studied the existence of new topological mag-
netic solitons living into a dielectric medium Σ. To
describe these structures, we have considered a gauged
sigma model containing an extra real scalar field (source
field χ) that characterizes the dielectric properties of the
medium, Σ ≡ Σ(χ). Stable solitons are obtained by
following the BPS technique, whose implementation is
only possible by introducing a superpotential W(χ) in
the source sector, allowing us to decouple it from both
the gauge and sigma sectors.
Even without knowing an explicit form of both the di-
electric function Σ(χ) and superpotentialW(χ), we have
found first-order equations, which are also solutions of
the Euler-Lagrange ones. Because of the arbitrariness of
these functions, we point out that the proposed model
can fit a variety of physical environments. In our anal-
ysis, we have adopted the superpotential (26) that sup-
ports kink-like solutions for the source field that allows
us to investigate solitons with internal structure in three
distinct scenarios. The superpotential introduces the pa-
rameter α > 0 and, by solving the BPS equation (23),
we obtain the kink solution (28) presenting a second pa-
rameter r0, which characterizes the kink radius where
χ(r0) = 0. Further, the dielectric function Σ(χ), theo-
retically, could introduce a set of additional parameters.
In the first scenario, we only study the case α = 1 be-
cause we have perceived there are not solutions valid for
α ≥ 2. Here, the kink radius r0 indicates the position of
the maximum amplitude attained by both the magnetic
field and energy density ε
Σ
for sufficiently large winding
numbers. Additionally, we found that the profiles are
quite similar to the ones of the Chern-Simons vortices
[9], the ones in some generalized Maxwell-Higgs model
[28], and the solitons with an internal structure of the
gauged CP (2) model studied in Ref. [29].
In the second scenario, we have discussed the forma-
tion of solitons whose magnetic field has a distribution
composed by a core with a maximum amplitude around
which is formed a ring with a maximum having a lower
intensity. The magnetic field is null at r = r0, so it sepa-
rates the core from the ring. Furthermore, the magnetic
field profiles in the range 0 ≤ r ≤ r0 remind the ones
found by Nielsen-Olesen [4], whereas for r > r0 resem-
ble the behavior of the Chern-Simons vortices, including
typical exponential decay, here occurring yet in the pres-
ence of the dielectric medium. Also, we have realized the
parameter α plays the role of controlling the core size
and the maximum intensity of the external ring. On the
other hand, the profiles of the energy density ε
Σ
, for suf-
ficiently large values of N , also vanish at r0 and present
a behavior very similar to the one described for the mag-
netic field.
In the third and last scenario, we have introduced an
oscillating dielectric function controlled via two extra pa-
rameters (m ∈ Z and λ ∈ R) to describe a multilayer
system. The value λ = 0 generates a dielectric system
producing a more notable formation of the internal struc-
tures than for λ 6= 0. In the latter case, the emergent in-
ternal structure becomes more relevant for small values
of λ than the big ones, such that, for sufficiently large
values, the dielectric effects diminish rapidly and, so we
recover the realm of the usual gauged sigma model. In
both cases, the arising of 2m-plateaus along the gauge
field profile implies in the same number of magnetic rings
surrounding the soliton-core.
Finally, we are studying the possible existence of BPS
charged vortices (maybe behaving as anions) in the pres-
ence of dielectric media in the realm of the gauged O(3)
sigma model with Chern-Simons term [21]. Advances in
this direction will report elsewhere.
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